Abstract: A general algorithm is presented which gives a closed-form expression for an arbitrary perturbative diagram of cubic string field theory at any loop order. For any diagram, the resulting expression is given by an integral of a function of several infinite matrices, each built from a finite number of blocks containing the Neumann coefficients of Witten's 3-string vertex. The closed-form expression for any diagram can be approximated by level truncation on oscillator level, giving a computation involving finite size matrices. Some simple tree and loop diagrams are worked out as examples of this approach.
Introduction
String field theory is a formulation of string theory as a nonlocal field theory of an infinite number of fields in space-time. This approach goes beyond the world-sheet formulation of string theory in several ways. First, it gives a systematic way of constructing perturbative string amplitudes in terms of vertices and propagators; this approach is in principle easier to generalize to higher loop amplitudes than the world-sheet approach, which involves conformal field theory on higher genus Riemann surfaces. Second, string field theory gives a nonperturbative off-shell formulation of string theory, and can be used to address questions which go beyond string perturbation theory. Third, while all current formulations of string field theory are formally described in a fixed string background, fluctuations of the string background itself are naturally encoded in the theory, so that string field theory is really a background-independent theory. Recent work using Witten's cubic open string field theory [1] to confirm Sen's conjectures [2] regarding tachyon condensation has demonstrated conclusively that string field theory accurately describes some nonperturbative off-shell aspects of string physics (for reviews see [3, 4, 5] ). Furthermore, the existence of a nontrivial vacuum solution of string field theory demonstrates the background independence of the theory [6, 7, 8] .
In this paper we focus on the first of the points mentioned in the previous paragraph, namely the construction of arbitrary perturbative string amplitudes using string field theory. Constructing higher-loop amplitudes in string theory using covariant world-sheet methods becomes difficult when the Riemann surface involved has genus greater than one. This is because the calculation of a generic string amplitude involves an integral over the moduli space of the appropriate Riemann surface, and it is difficult to define an appropriate measure on the moduli space for higher-genus surfaces. On the other hand, a string field theory such as Witten' s cubic open string field theory gives a straightforward construction, in principle, of any higher-loop amplitude. The amplitude can be expressed in standard field-theoretic language in terms of the cubic vertices and the propagators for the infinite number of spacetime fields. The difficulty with doing such a calculation explicitly is that the infinite number of fields have complicated cubic interactions described by the Witten 3-string vertex.
Formal arguments have demonstrated that in a particular gauge (Feynman-Siegel gauge), Witten' s cubic bosonic open string field theory gives rise to a diagrammatic expansion which precisely covers the moduli space of Riemann surfaces of arbitrary genus with at least one boundary and with an arbitrary number of open string punctures on the boundaries [9, 10] . These results show that this string field theory must precisely reproduce all perturbative onshell string amplitudes given by the conformal field theory of the bosonic string in 26 dimensions. Explicit computations of perturbative amplitudes using string field theory, however, have only been done for the tree level 4-point function and the one-loop 2-point function [11, 12, 13, 14] . These computations were done using the conformal mapping method, and required an explicit mapping between the modular parameters associated with the string field theory parameterization of moduli space and the standard parameterization of conformal field theory. Such mappings lead to complicated formulae even for tree-level and genus one calculations, and are unknown beyond genus one.
In this paper, we take a different approach to reproducing perturbative string amplitudes from string field theory. Rather than trying to relate string field theory calculations to conformal field theory, we simply proceed directly to evaluate perturbative amplitudes using the oscillator representation of the vertices and propagators in Witten's cubic string field theory. Since the vertex and propagator can be written completely in terms of squeezed states, we can give a closed-form expression for any perturbative amplitude, even at higher loop order. The only complication is the appearance of infinite-dimensional matrices in the final expression for each diagram. These matrices are built from simple blocks, however, which can be expressed in terms of the Neumann coefficient of Witten's 3-string vertex.
While we do not yet have the technology to analytically evaluate amplitudes written in terms of these matrices, we can evaluate any desired amplitude numerically to a high degree of precision using truncation on the level of oscillators which are included. This truncation method is more powerful than the method of level truncation on fields used to address the tachyon condensation problem in [6, 7, 15, 8] , since rather than having to include a number of fields which grows exponentially in the level, we simply need to evaluate the determinant of some matrices whose size grows linearly in the truncation level.
In Section 1.2 we give a brief review of Witten's cubic open string field theory to fix notation. In Section 1.3 we present an algorithm for computing a closed-form expression for any perturbative string amplitude. Section 2 contains a number of examples of treeand loop-level diagrams: at tree level we analyze the 4-point and 5-point functions for the tachyon, at one loop we describe the tadpole, and at two loops we describe the 0-point function. We perform numerical evaluations of some of these amplitudes, showing that the procedure of level convergence on oscillator level (amounting to a sort of UV cutoff from the open string point of view) converges quickly.
Witten's cubic string field theory
In this subsection we give a brief synopsis of Witten's cubic string field theory [1] . For further background on open string field theory see [1, 16, 17] .
The degrees of freedom of Witten's cubic string field theory are encoded in a string field Φ. Φ can be considered as a functional Φ[x(σ); c(σ), b(σ)] of the matter, ghost, and antighost configuration of the string. Φ can also be thought of as living in the string Fock space H spanned by states produced by acting with a finite number of oscillators on the string vacuum
In this expression, |0; p is the ghost number 1 vacuum at momentum p, which is annihilated by matter, antighost, and ghost modes a n , b n , c n with n ≥ 1. In this paper we use matter oscillators with canonical commutation relations [a n , a −m ] = δ nm .
The action of Witten's theory can be written
where |V 2 ∈ H 2 , |V 3 ∈ H 3 . Explicit oscillator representations of |V 2 , |V 3 are given by
0 c
where Q is the open string BRST operator, 5) and where N ij nm , X ij nm are Neumann coefficients for which exact expressions are given in [18, 19, 20, 21] . The values of these coefficients are tabulated for n + m < 10 in [15] . (Note that with the conventions we are using here, the Neumann coefficients N ij nm in that reference should be rescaled by factors of − √ nm. We have also removed from |V 3 an overall numerical factor of k = (3 √ 3/2) 3 . Note also that in (1.3, 1.4), all summations over indices n, m are taken over n, m ≥ 1, except the last summation over m, which is taken over m ≥ 0 so that the mode b 0 is included.)
The action (1.2) has an enormous gauge symmetry. A convenient choice of gauge for perturbative calculations is Feynman-Siegel gauge, where b 0 |Φ = 0. In this gauge, all fields associated with states having a c 0 acting on the vacuum are taken to vanish. This simplifies the above vertices in that we can ignore all ghost 0 modes c 0 , b 0 . Furthermore, the BRST operator in this gauge is simply
All calculations in this paper are done in Feynman-Siegel gauge. In this gauge the propagator is given by (dropping the factor of c 0 )
(1.7)
Algorithm for computing amplitudes
We now present a general algorithm which gives a closed-form expression for any perturbative open string diagram in Feynman-Siegel gauge. A number of examples are worked out explicitly in the following section.
Consider any diagram with v cubic vertices and e internal edges. Label the half-edges in the diagram with integers from 1 through 3v, with labels 1, 2, 3 for the half-edges connected to vertex 1, labels 4, 5, 6 for the half-edges connected to vertex 2, and so forth. Denote the half-edges associated with the kth internal edge by i k , j k , so that the first edge connects the half-edges i 1 , j 1 , etc. The v 3-string vertices can be represented in the 3v-fold tensor product of the single string Fock space through
The propagator in Feynman-Siegel gauge for the e internal edges can be written by acting with half of each propagator on each associated half-edge, giving an operator on
The constraint that the half-edges i k , j k are connected can be simply imposed by contracting with the dual state
We drop all factors of c 0 , b 0 from (1.8) and (1.10) as they automatically cancel for calculations in Feynman-Siegel gauge. The full amplitude for the diagram under consideration is now given by an integral over internal (loop) momenta
This amplitude is a state in H 3v−2e , and can be contracted with any external string states to get any particular amplitude associated with the relevant diagram.
Since all the pieces of (1.11) are given in terms of exponentials of quadratic expressions in the oscillators, we can give a closed form expression for any diagram using standard squeezed state techniques. It is convenient to first compute P |V , which is given by
whereÑ is a block-diagonal matrix consisting of 3 by 3 blocks of infinite matrices N rs of Neumann coefficients associated with each 3-string vertex, multiplied by an exponential factor for the appropriate propagator(s). For a pair of internal indices i k , j l at a common vertex, we haveÑ 13) where i, j are equal to i k , j l modulo 3. For indices at a given vertex associated with external edges, the exponential factors are dropped, which can be expressed by replacing the relevant argument(s) ofN by 1. The matrixX is similarly constructed from the ghost Neumann coefficients X ij mn of the Witten vertex. We can now remove all oscillators associated with internal edges using the matter equation [22] 
and the associated ghost equation
This gives us an expression for the diagram of interest in terms of an integral over internal momenta and moduli of the form
In this expression,X andÑ are as above, and depend on the modular parameters T i . The determinants are evaluated in the 2e × ∞ dimensional space associated with internal edges. The 0 components of these matrices associated with momentum are not included in the determinant; all momentum factors are left explicitly in the exponential. The matrix S is simply a permutation matrix expressing which half-edges are connected by propagators, tensored with the infinite matrix C. The oscillators a † , b † , c † are the raising operators associated with matter, antighost and ghost fields of the external edges; the notation (a † , p i ) indicates a vector including the matter raising operators of external edges, as well as all external and internal momenta. The quadratic forms Q and R are matrices depending on the modular parameters T i ; these quadratic forms take the schematic form N + N(1 − SÑ)
Since all integrals over the internal momenta q i are Gaussian, these can be readily performed, leaving an integral over the modular parameters associated with the edge lengths T i .
This completes the algorithm for constructing a closed-form expression for any perturbative string diagram using Witten's cubic string field theory. A number of examples are worked out explicitly in the following section, which should help to clarify details which have been suppressed in this concise description. We conclude this section by discussing some general features of this approach.
Comments on the algorithm 1.4.1 Level truncation
Because the matrices involved in these diagrams are infinite, it is difficult to analytically evaluate the integrals in (1.16), even for simple diagrams. It is easy, however, to truncate these matrices at a finite oscillator level, giving an expression which can be computed and numerically integrated, even up to high oscillator levels. From the point of view of the open string, this truncation essentially amounts to imposing a UV cutoff on string theory. This regularization breaks many of the desirable features of string theory, such as the large gauge symmetry and duality symmetries. Nonetheless, as we will describe in the following section, this truncation allows us to accurately approximate many on-shell and off-shell quantities of interest.
Equivalent formulations
Instead of placing all the vertices on the right in (1.11), we could put some vertices on the left and some on the right. An example of such a calculation is mentioned below in connection with (2.6). While the resulting expressions cannot be written as easily for a general diagram, this is often a convenient trick to simplify the evaluation of some particular amplitude at a fixed level of truncation. For tree-level diagrams, it is always possible to place half the vertices on the left and the other half on the right, leading to a reduction in the size of the matrices by a factor of 2. A similar procedure is possible for loop diagrams, although each fundamental loop with an odd number of vertices requires an additional block in the matrices.
Analytic evaluation
We do not yet have tools adequate to perform a direct analytic evaluation of any string amplitudes constructed in this fashion. Recent work [23] on the diagonalization of the Neumann coefficient matrices N rs , however, gives hope that progress may be possible towards an analytic understanding of the determinants involved in (1.16). In particular, it would be interesting to ascertain whether a similar diagonalization could be carried out for the Neumann coefficient matrices after factors of e −nTr/2 are multiplied into the matrices on each side. Results in this direction might lead to new methods for analytically computing on-shell and off-shell string amplitudes.
Examples
In this section we present several examples of the algorithm described in Section 1.3.
Tree-level 4-tachyon amplitude at p = 0
For a first simple example, consider the off-shell tree-level 4-point function of the tachyon, where all external edges are taken to have momentum p = 0. The relevant diagram is depicted in Figure 1 , where all incoming momenta are taken to vanish. Because our external states are all tachyons, we can drop all oscillators associated with external edges, and we only need to concern ourselves with the oscillators associated with the two halves of the single internal edge. Since all momenta vanish, we can drop all momenta from the calculation.
For this diagram, the permutation matrix S connecting the half-edges is given by
The matrixÑ can be written in terms of 2 × 2 infinite blocks as 
Similarly, we haveX
The off-shell p = 0 tree-level 4-tachyon amplitude is then given by
Note that this amplitude can also be written
This form of the amplitude can be derived from (2.5), or can be constructed directly by modifying the general algorithm so that one vertex is included on the left in (1.11) and the other on the right, as mentioned in 1.4.2. This form of the amplitude is useful because it involves smaller matrices which are easier to compute in level truncation.
If we remove by hand from the amplitude (2.5) the contribution coming from the intermediate tachyon state, we get the coefficient c 4 of φ 4 in the effective action for the p = 0 tachyon field φ when all other string fields are integrated out. An integral expression for this coefficient was given in [24] , and evaluated numerically to an accuracy of 1%, giving c 4 ≈ −1.75 ± 0.02. We have repeated this calculation to a higher degree of precision, with the result
The coefficient c 4 was computed using level truncation including all intermediate fields up to level 4 in [6] and including fields up to level 20 in [15] . The level 20 approximation gives c = −1.684, within 5% of the exact result.
Including the numerical factors associated with the symmetry of the diagram in Figure 1 , we have
It is instructive to see how the level truncation in oscillator level works as a systematic approximation scheme for (2.8). The simplest level truncation involves dropping all oscillators other than a 1 , a −1 . We then have the finite-size matrices 
where we have used N 11 11 = 5/27, X 11 11 = −11/27 (note again that the sign convention used here is opposite to that used in [15] ). Evaluating the determinants and replacing x = e This shows that the contribution to c 4 from high level fields composed completely of level 1 oscillators is quite small.
We
of a symmetric L×L matrix, this calculation is significantly more efficient than using level truncation on states and separately summing over all intermediate states in the diagram, as done in [6, 15] . Numerical results for the approximation c It is interesting to see how the integrand in (2.8) approaches its exact form as L → ∞. Analytic formulae for this integrand were calculated by Sloan [12] and by Samuel [13] , following Giddings' analysis of the on-shell Veneziano amplitude [11] using the conformal mapping approach. We summarize some of this work in the Appendix, where Samuel's analytic formula for the integrand is related to the integrand of (2.5) through the relation (A.12). In Figure 3 .12) . The integrand converges very rapidly (apparently exponentially rapidly) except near x = 1. This rapid convergence away from x = 1 is natural, as the cutoff at level L gets all terms in a power series expansion of the integrand in x correct up to order x L+1 . The parameter x goes to 1 when the length of the intermediate propagator goes to 0, so that level truncation here is playing the role of a UV cutoff. Now let us consider the tachyon 4-point function with arbitrary external momenta. The on-shell tachyon 4-point function was computed from string field theory in [11] using the conformal mapping method, and shown to agree with the Veneziano amplitude. Later, the off-shell tachyon 4-point function was computed using similar methods in [12, 13] . An expression for the amplitude in terms of infinite matrices was also derived in [13] using the oscillator approach, but it was not shown that this expression agreed with the analytic formula arising from the conformal mapping approach. In this subsection we summarize the results of using our algorithm to directly compute the Veneziano amplitude and its off-shell generalization. The relationship between these results and those of [11, 12, 13] are discussed in the Appendix.
In the 4-point tachyon diagram shown in Figure 1, 
The Euler beta function has the integral representation
This integral representation of the Veneziano amplitude is convergent when u, v > 0, so that s, t < −1. For positive real s, t it is necessary to perform an analytic continuation to make sense of (2.19) away from the poles at positive integers. The discovery of the Veneziano amplitude (2.17) marked the beginning of string theory [25] . We will now show how this amplitude can be reproduced numerically from string field theory using our general approach to amplitude calculation.
The 4-point tachyon amplitude with arbitrary external momenta takes the general form (1.16), where contraction with external tachyon states means that all oscillators a † , b † , c † in the exponent can be dropped. The momentum-independent part of the integrand in this case is identical to that of (2.5), which is just the general amplitude with all momenta vanishing. The momentum terms appearing in the initial amplitude (1.11), before removing internal oscillators, are given by
After contracting internal oscillators, this gives us a total amplitude 
While the integral in (2.26) and the analogous integrals at higher levels of truncation are not analytically tractable, such integrals can be readily approximated numerically or by truncating a power series expansion for the integrand. To see how accurate the approximation (2.26) is, we can numerically compute the integral and compare to the Veneziano amplitude for particular values of the momenta. Let us consider in particular the case where u = −(p 1 + p 3 ) 2 = 0. In this case, when all particles are on-shell tachyons we have s + t = −4. We expect to have a convergent integral when −3 < s, t < −1. In this regime we can choose momenta We expect to have a convergent expression for the amplitude when −π/6 < θ < π/6 ≈ 0.5236. In Figure 4 we have graphed the Veneziano amplitude in the range |θ| ≤ 0.4, and we have plotted the numerical values for the level 1 approximation (2.26).
The level 1 approximation to the Veneziano amplitude shown in Figure 4 is within 10% of the correct result at θ = 0, and within 5% of the correct result at θ = 0.4. In Figure 5 Although the particular values of p i for which we have computed here the approximation to Veneziano are on-shell, the same analysis can be done for off-shell amplitudes. The discussion in the previous subsection amounts to doing this in the case p i = 0. We have found that in both the on-shell and off-shell cases the numerical approximations to the amplitudes given by truncation on oscillator mode level converge in a similar fashion, although the constant controlling the size of the error is smaller for the on-shell calculation.
We have explicitly described here the 4-point function for external tachyon states. This could be generalized in a straightforward fashion to include arbitrary external states by including the oscillators a (i) on the external edges. In Section 2.4 we do such a calculation for the one-loop one-point function, which has only one external string.
Tree-level N-point function
It is easy to generalize the discussion of the previous subsection to tree-level N-point functions, although as N increases the details become more complicated. We work out one further example here at tree level, that of the 5-tachyon amplitude at p = 0.
5-point function for 0-momentum tachyon
The 5-point function for the tachyon at p = 0 comes from the diagram in Figure 6 . This amplitude is given by
where 
and an identical expression to (2.36) givesX, where all appearances ofN are replaced byX. Writing the integrand in (2.33) as F (x, y), the coefficient c 5 in the tachyon effective potential is given by 
One-loop 1-point function
Consider now the one-loop one-point function shown in Figure 8 . By momentum conservation the external momentum is 0, while we must integrate over the internal momentum q. In this example we will include all external oscillators, so that this one-point function will be a state |S in the Fock space. To compute the tadpole for any particular field, the appropriate state should be contracted with |S . Using the general formalism described in 1.3, we have
Integrating (2.39) over the internal momentum q gives (up to a constant)
This diagram represents a tadpole in the D25-brane background. A thorough analysis of this diagram should give a number of interesting results. We restrict ourselves here to some brief comments on this subject, however. Just as for the tree-level 4-point amplitude discussed above, the integrand in (2.42) converges rapidly for x < 1 in the oscillator leveltruncation approximation. The integrand has singularities at x = 0 and x = 1, corresponding to the closed and open string tachyons. At x = 1, the quadratic term in the exponential has a limit where R nm = C nm , with a similar result for the matter fields. This form of squeezed state was identified by Shapiro and Thorn as being an open string representation of a closed string state [26] . With a more careful analysis it should be possible to show that this diagram gives rise to precisely the closed string tadpoles expected from the bosonic disk diagram with a single closed string vertex operator at a point in the interior. This result would demonstrate that when quantum effects are included, the open string field is naturally pushed in a direction associated with turning on closed string degrees of freedom, without having to introduce the closed strings by hand.
Related issues to those just mentioned arise when one considers the one-loop nonplanar 2-point function, which has a similar expression to (2.42). This amplitude was computed in string field theory using the conformal mapping method by Freedman, Giddings, Shapiro and Thorn [14] , who showed that the closed string poles naturally appear in this amplitude and are associated with states of the Shapiro-Thorn form mentioned above. It would be very satisfying to see how this result arises from the formalism of this paper. Further study of one-loop amplitudes in the open bosonic string using these methods is left to future work. It is clear that the methods we have developed here can be generalized to diagrams with an arbitrary number of internal loops. As a final example, let us consider the simplest 2-loop diagram, Figure 9 , giving a contribution to the vacuum energy. This diagram gives a contribution of
where
and whereX is given by an identical expression to (2.46), but withN replaced byX. The momentum matrix Q from (2.43) is given by
11 00 .
Integrating over p, q gives
This gives the 2-loop contribution to the vacuum energy of open string field theory in the standard vacuum containing a D25-brane. This expression contains divergences, such as that arising from the closed string tachyon when the parameters x, y and z go to 1, so the integral is not finite. At generic values of the parameters, however, the integrand is finite. A leveltruncation analysis of the integrand at fixed values of x, y, z, such as at x = y = z = 1/2, indicates that the value of the integrand converges exponentially rapidly as higher level oscillators are included, just as for the integrand of the four-point tree amplitude and the one-point one-loop amplitude described above. Further study of loop amplitudes is left to future work. It would be particularly interesting to study the convergence properties of the integrand for nonplanar diagrams at higher genus.
Discussion
In this paper we have presented a simple algorithm which gives a closed-form expression for any open string amplitude at any loop order, using string field theory. For any diagram, the resulting amplitude is an integral over a finite number of well-defined modular parameters of a function of some infinite-dimensional matrices built from a finite number of blocks containing the Witten 3-string vertex. Using level truncation on oscillator level, this gives an algorithm for systematically computing any open string amplitude to an arbitrary degree of accuracy. We find that for both tree and loop diagrams, the integrand of the amplitude converges very rapidly under level truncation, although the rate of convergence becomes slower as the Witten parameter T associated with the length of an internal edge of a diagram goes to 0. For all finite tree amplitudes we considered, we found that the error introduced by a truncation at oscillator level L goes as 1/L.
There are many potentially interesting applications of this approach, and many ways in which it would be interesting to extend this work. We mention a few of these directions briefly here.
• We do not yet have sufficient analytic control of the infinite matrices appearing in the string field theory amplitudes to evaluate even the simplest diagrams exactly. It would be very interesting to generalize the recent work on the diagonalization of the matrices of Neumann coefficients for the Witten vertex [23] to the matricesN defined through (1.13). Such a generalization might lead naturally to exact analytic expressions for amplitudes, at least for simple diagrams.
• We find empirically that truncation at oscillator level L of the string field theory expression for the Veneziano amplitude and its off-shell generalization introduces an error of order 1/L. We found the same kind of convergence for the off-shell p = 0 5-tachyon amplitude. It would be interesting to prove this result rigorously for these amplitudes, and to understand the rate of convergence of this approximation for more complicated diagrams.
• While the analysis of this paper focuses on Witten's cubic open bosonic string field theory, the methods can be generalized to other string field theories. It would be particularly interesting to apply this method to superstring field theory, either in the Berkovits [27] or Witten [28, 29] formulation. Since there is currently no method available for explicitly computing covariant on-shell correlation functions of superstrings at high loop order/genus (see [30] for some recent work at two-loop order in closed strings), this method might lead to interesting new results for on-shell superstring amplitudes. This method can also be used as a means of checking the various proposals for superstring field theory. Since loop diagrams in superstring field theory do not have the divergence problems arising from tachyons which afflict loop diagrams in the bosonic theory, we expect that this approach may provide a useful means of numerically calculating high-order loop diagrams in superstring theory.
• A crucial question in open string field theory, which has been brought back to the fore by recent developments related to Sen's tachyon condensation conjectures, is how closed strings are encoded in open string field theory, and whether closed strings can be treated as asymptotic on-shell states using only the degrees of freedom of open string field theory [31] . A careful study of open string loop amplitudes using the methods of this paper may lead to new insight into this question.
• Related to the closed string issue is that of what the natural degrees of freedom are which should describe open string field theory after the tachyon has condensed into the stable vacuum. In this vacuum there are no open string degrees of freedom [32, 33] . It would be very interesting if the methods of this paper could be generalized to study the vacuum string field theory (VSFT) in this stable vacuum, either directly through expanding around the nontrivial solution of the Witten theory as in [32, 33] , or using the RSZ pure ghost Ansatz for the BRST operator [34] • Finally, the methods described here might be used to compute the effective action for the gauge field and/or the tachyon on a system of multiple Dp-branes, along the lines of [15] . This might lead to new insight into the form of the resulting nonabelian Born-Infeld action
A. Analytic description of 4-tachyon amplitude
In this Appendix we briefly summarize the results of [11, 12, 13] which give an analytic description of the on-shell and off-shell 4-tachyon amplitude from string field theory.
In [11] , Giddings gave an explicit conformal map which takes the Riemann surface defined by the Witten diagram with internal edge of length T to the standard disc with four tachyon vertex operators on the boundary, parameterized by the Koba-Nielsen parameter ξ (usually called x). This conformal map is defined in terms of four parameters α, β, γ, δ satisfying the relations αβ = γδ = 1 (A.1)
where Λ 0 (θ, k) is Heuman's lambda function, defined as
in terms of the complete elliptic integrals of the first and second kinds K(k), E(k) and the incomplete elliptic integral of the first kind F (θ, k), and the parameters θ 1 , θ 2 , k, k ′ given by
Since the four parameters α−δ are related by the three relations (A.1, A.2), all the parameters can be considered as functions of α.
The Witten parameter T is related to the parameter α through
where Z(θ, k) is Jacobi's zeta function
The parameter α is in turn related to the Koba-Nielsen parameter ξ through
When T = 0 we have α = −1 + √ 2 and ξ = 1/2. When T = ∞ we have α = 0 and ξ = 1. For ξ < 1/2, the associated Witten diagram is in the opposite (t) channel from that shown in Figure 1 . This explains the two terms in (2.26).
In [11] , Giddings used the conformal map just described to map the string field theory calculation of the on-shell 4-tachyon amplitude to a conformal field theory calculation, and showed that the result of the string field theory calculation is indeed the Veneziano amplitude. In [12, 13] , Samuel and Sloan used Giddings' approach and with some additional analysis found an analytic formula for the off-shell 4-tachyon amplitude. The off-shell amplitude differs from the Veneziano amplitude in that it has an additional term in the integrand of (for 1/2 < ξ < 1, using the notation of [13] The extent to which these expressions agree at a finite level of truncation controls the rate of convergence of the level-truncated approximations to the on-shell and off-shell 4-point amplitudes, such as those discussed in Section 2.1 and 2.2. In Figure 3 we have graphed the RHS of (A.12) and compared with low-level truncations. As discussed in Section 2.1, the convergence is extremely fast except near x = 1.
The comparison just done relates the analytic formula for the momentum-independent part of the off-shell four-tachyon amplitude found in [12, 13] to the matrix expression calculated using the oscillator methods of this paper. It is also possible to relate the momentumdependent factors. In [12, 13] , explicit formulae were given for the momentum-dependent factors in the off-shell extension of the Veneziano integrand. These can be related to the matrices Q ij of (2.24), although the comparison is not direct since the matrices are subject to a redefinition using the conservation law i p i = 0. The computation of the on-shell Veneziano amplitude in Section 2.2 demonstrates that the momentum-dependent terms also agree on shell.
